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TOWARDS A CONSTRUCTIVE PROOF OF A THEOREM OF 
KOECK-LAU-SINGERMAN 

RUBEN A. HIDALGO 
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$_i , Abstract. In a couple of recent paper, Koeck-Lau-Singerman have proved that 

every symmetric Belyi curve C is definable over R n Q. Their proof is based on 
Weil's Galois descent theorem, so it asserts the existence of some isomoiphism 
R : C — > Z, where Z is a curve defined over R n Q. In this paper we work out an 
alternative proof which provides a method to obtain explicit equations for R and 
Z. In fact, we are able to obtain the following stronger result. If both C and the 
symmetry are defined over the number field K, then Z is definable over Inl. 



1. Introduction 



A complex algebraic variety X is defined over a subfield K of C if its ideal 
(which is finitely generated by Hilbert's finiteness theorem) can be generated by 
polynomials with coefficients in K, equivalently, the variety is given as the common 
£> | zeroes locus of a finite collection of polynomials with coefficients in K. We say 

C*") ■ that X is definable over the subfield K of C if there is a complex algebraic variety 

Y defined over K and there is a birational isomorphism R : X — > Y. Interesting 
vq \ types of algebraic varieties, used for instance in number theory, are those which 

^J ■ are definable over Q. 

Q ! An irreducible non-singular complex algebraic variety X is said to be symmetric 

CN ' if it admits a symmetry, that is, an antiholomorphic automorphism of order two. 

Weil's Galois descent theorem |[T6l asserts that X is symmetric if and only if it is 
definable over R (see also lfT31 ). 
k> ■ Irreducible non-singular complex algebraic varieties of dimension one (that is, 

*-h . irreducible smooth complex algebraic curves) carry out natural structures of closed 

Riemann surfaces as a consequence of the Implicit Function Theorem. Conversely, 
by Torelli's theorem, closed Riemann surfaces may be seen as irreducible smooth 
complex algebraic curves. In particular, these two categories are equivalent. 

A closed Riemann surface 5 is called a Belyi curve if there is a non-constant 
holomorphic map (3 : S — > C branched exactly at the values oo, and 1. Belyi's 
theorem Q states that S is a Belyi curve if and only if S can be described by an 
algebraic curve defined over Q (see also ifTTl ). 

The following result was obtained by Koeck-Singerman f9j in the case that the 
symmetry has fixed points and by Koeck-Lau liTOl in the general situation. 
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Theorem 1 (Koeck-Singerman (9j, Koeck-Lau flOll ). Let X be an irreducible and 
non-singular complex algebraic variety with a finite group of holomorphic auto- 
morphisms. If X is definable over R and it is also definable over Q, then it is 
definable over QnR. In particular, every symmetric Belyi curve of genus g > 2 
can be described by an algebraic curve defined over Q n R. 



Remark 2. Theorem Q] still valid if X is an irreducible singular complex variety 
with a finite group of birational isomorphisms. In this case, one should define 
a symmetry of X as a anti-holomorphic birational automorphism of order two. 
The constructive proof we provide in this paper also works in this more general 
situation. 

The proof of Theorem Q] provided in ||9] [10] is based on Weil's Galois descent 
theorem |[T6l and it does not provide a method to obtain explicitly equations for an 
irreducible complex algebraic variety Z defined over QnR and an explicit birational 
isomorphism R : X — > Z. In this paper, we provide an alternative constructive proof 
of Theorem [T]in the sense that, if we have explicit equations for X over Q and also 
an explicit symmetry L : X — > X, then it permits to compute R and Z explicitly. 

The main idea is as follows. As X is assumed to have a finite group of automor- 
phisms, the symmetry L is also defined over Q. We provide an explicitly birational 
isomorphism R : X — > Z, where Z is some irreducible complex algebraic variety, 
maybe singular at some proper subvariety W which is explicitly described. We 
notice that Z and W are defined over Q n R. As R and X are given explicitly, with 
the help of MAGMA Ql, it is possible to compute explicitly equations for Z (and 
also for W). In general, these provided equations by MAGMA are over Q (but with 
many worked examples they are in most of the cases already given over Q n R). 
Next, in order to obtain equations over Q n R, we replace each polynomial (which 
is not already defined over the desired field) by its traces; which are then defined 
over QnR. 

Now, if W - 0, then R will be an holomorphic regular isomoiphism and Z an 
irreducible non-singular complex algebraic variety. If W + 0, then we only have 
a birational isomorphism R : X — > Z and Z will have singularities at points in W. 
Anyway, as W is also defined over QnR, one may desingularize it (by blowing-up 
process at W) to obtain an irreducible non-singular complex algebraic variety Z 
which is birationally equivalent to X. 

An explicit example for which X is a curve of genus 5 is worked out in the last 
section in order to explain how the computational method works. 

Our proof (see Proposition |9]l asserts a much stronger result than the one stated 
in Theorem Q] 
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Theorem 3. If both, X and the symmetry L : X — > X, are defined over the field 
number K, then X is definable over KflR 

A direct consequence of Theorem |3]is the following fact concerning symmetric 
Belyi curves. 



Corollary 4. Every symmetric Belyi curve C admitting a symmetry L : C — > C 
so that both, C and L, are definable (at the same time) over Q( y—d), for some 
positive integer d, then C is definable over Q. 

I would like to thanks B. Koeck for the many discussions and provided sugges- 
tions during the preparation of this article. 

2. Generalities 

In this section we set some notations and we recall some basic algebraic facts 
and definitions we will need in the rest of this paper. 

2.1 . Let us denote by Gal(C/Q) the group of field automorphisms of C and, for K 
a subfield of C, we denote by Gal(C/K) the subgroup of Gal(C/Q) whose elements 
are those field automorphisms acting as the identity on K. 

Notice that, since C is algebraically closed and of characteristic zero, then for 
any subfield K of C it holds that the fixed field of Gal(C/K) is K. 

2.2. If r\ e Gal(C/Q) and r > 1 is an integer, then we have a natural bijective map 

rf : C -» C 

TJ(XI, ...,X r ) = (77(.*l), . . . , T](x r )). 

Let x] e Gal(C/Q). If X c C, then we set X'' - rj(X). 

Let H : A c C" -> C m be a rational map, that is, H = {H\ H m ) where each 

Hj is defined by a polynomial in ^-variables and coefficients in C. If 77 _1 (A) c A, 
then we set fl'^offof'^c C" -» C m ; so ff? = (H*, ..., fl^. 

2.3. Let K and U be subfields of C so that U is a finite Galois extension of K, 
say of index m, and Gal(U/K) = [o~\, ...,cr m }, where o~\ = e is the identity. Let 
\e\ , ..., e m } be a basis of U as a K- vector space. The trace map 

in 
Tr : U -> K : a ^ V cr ; (a) 

extends naturally to polynomial rings 

Tr : U[*i,. ..,*„] -^ K[xi,...,x n ] : P ^^P^. 

Next, we recall the following simple fact about invariant ideals. 
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Lemma 5. 

(1) IfP e U[jci, ...,x„], then P e Spa nu (Tr( ei P), ...,Tr(e m P)). 

(2) If I < U[xi , ..., jc„] /s arc ideal so that Vcr e Y and VP e / it holds that P' 7 e 
/, then I can be generated (as an ideal) by polynomials in I (1 K[x\ , ..., x„]. 

Proof. Set Ym = {cr\ , ..., cr m ). If P e U[xi , ..., x„], then let us consider the following 
polynomials 

gi - Tr(eiP), & - Tr(e 2 P), ..., &„ = Tr(e m P) e K[x u ..., x H ]. 

Now, as the matrix 



A = 



is invertible (see for instance [81), the linear transformation A : IF" — > U'" (where 
U" is thought as the vector space of columns of length m and coefficients in U) 
is invertible. This, in particular, ensures the existence of values Ai,...,A m e U 
so that AA = E, where A = f [A\ A 2 ■ ■ ■ A m ] y£ = '[10 ■•• 0]. Then, P = 
A\Q\ + A2Q2 + • • • + A m Q m and we have proved 1. 

Let us now assume that Pel and that Vcr e Ym it holds that P°" e /. It 
follows that Qi,...,Q m £ I- Moreover, by the construction, for each t € Ym it 
holds that Q[ = Q\,..., Q T m - Q m , that is, Q\, ..., Q m e K[xi, ...,x n ]. In this way, 
<2i, ■■•, Qm € / n K[x\, ..., x n ]. This, together with 1, provides 2. 

D 



e\ 


e 2 


£m 


cr 2 (ei) 


o- 2 (e 2 ) • • 


■ o- 2 (e m ) 


cr m {e\) 


o- m {e 2 ) ■ ■ 


0~m\£m) 



For instance, if U = C and K = R, then Tr(P) = P + P ' 2 € R[x u ..., x„] and, by 
taking e\ = 1 and e 2 - i, one has that P - ^Tr(P) - ^Tr(/P)). 

Let p : Gal(C/K) —> Gal(U/K) be the natural epimorphism defined by restric- 
tion. If P € U[xi,. ..,*„], 77 € Gal(C/K) and a = p(n), then P 17 := Pi is the 
polynomial obtained from P by replacing its coefficients by their images under o~. 
In particular, if Y c C" is a complex algebraic variety (it may be singular) defined 
over U, and if 771,772 e Gal(C/K) are so that p{n { ) = p(n 2 ), then F 7 " = Y' 12 . So, if 
0- e Gal(U/K), then we may set Y a := F?, where 77 e Gal(C/K) is so thatp(?7) = cr. 

A direct consequence of Lemma[5]is the following. 



Lemma 6. Le? F be an affine complex algebraic variety (it may be singular) defined 
over U. IfY cr = Y, for every cr € Gal(U/K), then Y is defined over K. Moreover, if 
Y is defined by the polynomials P\, ..., P s e TJ\y\, ...,y n ], then Y is also defined by 
the polynomials Tt(e\Pj), ...,Tr(e m Pj) e K[yi, ...,y n ], where j e {1, ..., 5 1 }. 

Proo/ Let / < C[y , ...,y„] be the ideal of Y c C". As Y is defined over U, the 
ideal / can be generated by polynomials with coefficients in U. 
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Let cr e Gal(U/K) and let tj e Gal(C/K) be so that p(rj) = cr. If P e I with 
coefficients in U and {b\, .., b n ) e Y, then it holds that 

= a{P{bi, ...,&„)) - r](P(bu...,bn) = P cr {r 1 {b 1 ),...,r ] (b n )) = P" oij(bu -M 

Asff : Y —> Y is abijection, by hypothesis, the above asserts that P°Xci, ...,c„) = 
for each (c\, ..,c n ) e X. This ensures that P°~ e /. Now Lemma [5] asserts the 
desired result. □ 

2.4. Another ingredient in the computational method concerns with the algebra of 
invariants of a finite group of linear transformations. Let *V be a finite dimensional 
vector space over a field "R, say of dimension n > 1. Let xi,..., x„ be a basis of 
*V. The symmetric algebra of *V over K, say ft[*V], can be identified with the free 
unitary associative algebra generated by x\,..., x n over K, that is, with the algebra 
of polynomials with variables x\,..., x n and coefficients in K. If Y is a group acting 
linearly over *V, then that action extends naturally to the diagonal action on ^?[*V]. 



Theorem 7 (D. Hilbert - E. Noether CGIO). Let 'V be a finite dimensional vector 
space over afield 'R. IfTbe a finite group acting linearly over < V, then the algebra 
of T -invariants "RpV] 1 ^ is finitely generated. 



For a modern reference for the previous theorem see (Chap. 14 in [ 14]). 

3. Constructive proof of TheoremQ] 

We setTC := QnR and Y := Gal(C/R) = <cr 2 (z) = z) = Z 2 . We denote by <r\ = e 
the identity element of Y. Clearly, Gal(Q/7<") is also generated by the restriction of 
cr 2 . Observe that en is the identity map and J := o^ is the conjugation map. 

Let X c C" be an irreducible non-singular complex algebraic variety defined 
over Q, with a finite group of holomorphic automorphisms, admitting a symmetry 
L : X -> X. 

We notice that the symmetry L is defined over Q. In fact, if p € Gal(C/Q), then 
we have the symmetry LP : X — > X. So, there is a holomorphic automorphism ? of 
X so that LP = Lot. If we set ^ = {p e Gal(C/Q) : L - LP) and 'Z/ is the fixed field 
of K, then L is defined over 1L. Now, as X has a finite group of automorphisms, it 
follows that K is a subgroup of finite index of Gal(C/Q); so 11 is a finite extension 
of Q. As Q is algebraically closed, it now follows that 1L = Q and we are done. 

3.1. A non-constructive proof. Just for completeness, we provide a short non- 
constructive proof of Theorem [TJas a consequence of Weil's Galois descent theorem 
lfl6l . Let us consider the holomorphic isomorphism f a2 = J o L : X — > X°" 2 , which 
is defined over Q (since L and / are defined over Q). If we set /o^as the identity 
map of X, then the collection {fa- : cr € Y] defines a Weil's datum for X with respect 
to the Galois extension R < C, that is, for every r, 77 € T, it holds that /^ r - fr ° f n - 
As the above isomorphisms are also defined over Q, it follows that {fa- : cr e Y\ 
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also provides a Weil's datum for X with respect to the Galois extension ft < Q. It 
follows, from Weil's Galois descent theorem, that X is definable over ft. 

3.2. A constructive proof. Next, we describe a method to obtain explicitly a bi- 
rational isomorphism R between X and a suitable variety Z which is defined over 
ft. 

3.2.1. We assume that X is defined as the common zeroes of the polynomials 

P u ...,P s eQ[x u ...,x n ]. 

We set fj := fa-., for each j = 1,2 (as defined above). We already know that 
each fj is defined over Q. 

3.2.2. If X°~ 2 = X, then it follows from Lemma [6] that X is defined over ft. In 
fact, X is the common zeroes locus of the polynomials 



(i) 



P s + P" s \ i(P s -P" 2 ) ) 



and we are done. 

So, from now on, we assume that X°" 2 + X. 

3.2.3. Let us consider the explicit holomorphic map (defined over Q) 

O : X c C" -» C x C" - C 2 " 

U^(fl(u),f2(u)) 

As each / 7 - is a holomorphic isomorphism, O : X —> <1>(X) is a holomorphic 
isomorphism between X and ®(X). The inverse is just provided by the restriction 
to O(X) of the projection 

tt:C"xC"^C" :(x,z)i->x. 

The complex algebraic vaiiety O(X) is defined by the equations 

z = fzix), 



1 Pi(x) = 0,...,P s (x) -0 

where (x, z) e C" x C", and it still an irreducible non-singular complex algebraic 
variety denned over Q. 

3.2.4. Each cr e T produces a permutation 6{cr) e S2 so that era j = o"e(o-)(;> for 
every j = 1,2. In fact, 9{cr\) = (1)(2) = e is the identity and #(cr 2 ) = (1,2). We 
consider the natural isomomorphism (Cayley representation) 

9 : T -» S 2 : cr k+ 6>(cr). 

The symmetric group S2 produces a natural permutation action 77(62) on C"xC" 
denned as follows. If x,z e C", then 

?7(e)(x,z) = (x,z), r](l,2)(x,z) = (z,x) 
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If we set 6(cr) = rj(6(cr)), then we have a natural permutation action 9(T) on the 
2 factors of the product C" x C", say 

?(o-i)(*,z) = (*,z) 

?(o- 2 )(*,Z) = (Z,x) 

where ;c,z € C". We have obtained a representation #(T) = Z 2 of T as a subgroup 
of holomorphic automorphisms of C x C". 

3.2.5. If cr e T, then we have the following equalities 

= U«^(J?(P{X))) = fB«T)(j)(f^(^(x))). 

It follows from the above that 

(*) oWx)) = m o (D o f-\a{x))- 
(**) if y e <D(X) and creT, then a(y) e 6>(cr)(<D(X)). 
In this way, we have the following commutative diagram 

o 
X -> <D(X) 

J,<? J,<? 

(3) X' 7 ' % 0°"(X°") = 0(X)°" = ?(o-)(<D(X)) 

o 
X -> <D(X) 

3.2.6. Set 

G-jreT: 0(t)(<I>(X)) = O(X)} < T. 

Clearly, from the definition, the elements r e G are exactly those for which 6(t) 
is a holomorphic automoiphism of <D(X); in particular, X T = X. As either G = T 
or G = {e} and we are assuming that X " 2 + X, it follows that G = {e}. This 
in particular asserts that the algebraic subvariety W* = #(cr 2 )(®(X)) D <J>(X) has 
positive co-dimension in <1>(X). 

3.2.7. The algebra of ©(O-invariant polynomials is generated by the following 
ones 

t\ - X\ +Zl,. . .,t n ~ X„ + Z n , 

'n+1 — X\Z\, • ■ ■ , tin ~ X n Zni 

hn+l = X\X 2 + ZlZ2, • ■ • , H n -\ = X\X n + Z\Z n - 

Let us consider the holomorphic map 

Y : C" x C" -» C 3 "" 1 
Y(x,z) = (?i,.,., ? 3 »-i) 
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Remark 8. Observe that, for k = 2, ..., n, 

-t 2 k t n+l + t { t k t- l+k+2n ~ t 2 _ l+k+2n 
tn+k — j ■ • 

t\ ~ 4?„ + l 

In particular, the image V = *F(C" x C") c C 3 " -1 is the algebraic variety defined 
by these n—\ previous equations. 

3.2.8. Clearly, the map *F satisfies the following properties: 

(1) ^ = T, for eveiy <r e T; 

(2) for every a e T it holds that ¥ o 0(cr) = *F; and 

(3) if ^(w) = *F(z), then there is some y e T so that w = #(y)(z). 

Conditions (1) and (2) are trivial to see. Condition (3) is consequence of the 
results in (5]|TT| and the fact that finite groups are reductibles. 

Conditions (2) and (3) assert that the map *P : C" x C" — > V is a branched regular 
holomorphic covering with d(T) as its deck group. 

3.2.9. Set Z = Y(0(X)) c V, let us consider the restriction ¥ : O(X) -> Z and 
set /? = Y o O : X -» Z. 

By the construction, the map R is holomorphic and explicitly given. Moreover, 
each point of Z either has one or two pre-images under R. 

Let W the subset of Z consisting of the points with two different pre-images on 
(D(X). 



Proposition 9. W is a subvariety of positive codimension ofZ and the holomorphic 
map R provides a birational isomorphism between X and Z. Moreover, both Z and 
W are defined over < K. In fact, if both X and L are defined over the number field K, 
then Z is defined over K n R. 

Proof As <D(X) is not #(r>invariant, the algebraic subvariety W* - 0(cr 2 )(O(X)) n 
<D(X) has positive co-dimension in <D(X) and W* = *F -1 (W). If Q - ®(X)-W*, then 
Q is a non-empty open dense subset over which V P is one-to-one. We notice, by the 
definition of W, that Z may be singular only at points in W. As * : C^xC" -> C 3 "" 1 
is a holomorphic branched regular covering, with the finite group 9(T) as its deck 
group, it follows that *F : Q —> ^¥(0.) is a holomorphic isomorphism. In this way, 
*F : O(X) —> Z is a holomorphic map which is also a birational isomorphism. 
In particular, /? = l Po®:X— >Zisa birational isomorphism and that W is a 
subvariety of positive codimension of Z. 

Let us now assume that both X and L are defined over the subfield K of Q. 
We proceed to see that Z and W are defined over Kni Let r e Gal(C/K). 
As X T = X, <D T - O and T 7 - x ¥, one has that R T = R and, in particular, that 
Z r = /?(X) r - R T (X T ) = R(X) = Z. We have, by Lemma that Z is definable over 
K. If K is a subfield of R, then there is nothing to prove. Assume that this is not the 
case, so K is a degree two extension of K n R and Gal(K/K n R) is generated by 
the (restriction of) reflection 0*2. It follows, from (**) in Section 13.2.51 and (3) in 
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Section |3.2.7[ that o"2 : Z — > Z is a bijection, that is, Z°" 2 = Z. Also, it can be seen 
that criQPiW*)) = Y(W*) and so W 72 = W. Again, from Lemma one obtains 
that Z and W are defined over K n R. □ 



Remark 10. If W = 0, then Z is non-singular and R : X — > Z is a holomorphic iso- 
morphism. If W # 0, then, as a consequence of Proposition |9l X is a normalization 
of Z and Z may be singular at W which also defined over ( K. We may desingularize 
it along W to obtain a non-singular model Z over e K. Clearly, Z will be define over 
7C and it will be holomorphically equivalent to X. 



3.2.10. In the above process, we have provided an explicit birational map R : 
X — > Z, where it is known that Z is defined over 7C . As R is explicitly given, 
with the help of MAGMA we may search for explicit polynomials Q\, ..., Q m € 
Q[zi, . . . ,zn] defining Z. If one of these polynomials, say F e {<2i, ..., Q,„}, is not 
defined over f K, then it can be changed by the new polynomials (which are now 
defined over *K) Tr(F), Tr(z'F). Then Lemma [6] asserts that the new polynomials 
also define Z. This finish the process. 

4. An Example in genus 5 

Closed Riemann surfaces of genus 5 admitting a group H = Zi are called classi- 
cal Humbert's curves. These curves appear in |J7] by Humbert while investigating 
a net of conies and much later the same curves were encountered by Baker ICQ, 
related to a Weddle surface. In [4] a new set of quadrics defining those classical 
Humbert's curves were obtained. We consider one particular of such curves in this 
section. 

Let us consider the complex algebraic curve defined over Q 

' ( i 

It can be seen, by direct inspection or by using MAGMA, that X is a non-singular 
irreducible algebraic curve of genus 5. The antiholomorphic map 

L : C — > C 4 : (x\,X2, *3, X4) i-> (-/ xj~, -i x$, -i X2, -i X4) 

keeps invariant X, so it defines an antiholomorphic automorphism of order two of 
X. It follows that X is also definable over R. and, by Theorem [Q that X must also 
be definable over Qfll. In fact, as both X and L are defined over Q(j), we have 
seen that X is definable over Q(z) n R = Q. Another way to see this is as follows. 
As X is defined over Q(z') and X and X = X"' 2 are holomorphically equivalent by 
/:X^X = X (r2 ,givenby 

/ : C — > C ; /(xi , X2, X3, X4) = (z xi , z x$, i xi, i X4), 
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it follows from Weil's Galois descent theorem that X has field of moduli Q; there- 
fore, by the results in J6), X is definable over Q. 

Next, we follow the constructive proof, provided in the previous sections, for 
this particular example to obtain an expliciyt model of X defined over Q. In this 
example, f\ is the identity and fa - f, so the holomorphic isomorphism O is given 
by 



0:Zc 



<D(X) c C s ; (jci,jc 2 ,jc3,jc 4 ) >-> (x,z) 



where 

X = (xi,X2,X3,X4), Z = (Zl,Z2,Z3,Z4) - (i X\,i x$,i x%,i X 4 ). 
The equations defining O(X) are given by 

Zi - 1x3 = Z3 - ix2 = 0, za - 1x4 = 

c 2 



zi - ix\ = 0, 

x 2 

1 ' A 2 



+ x 2 + x 2 = 0, 



+ x 2 + x 2 - 0, i + x\ + x\ - 



Notice that in this example W = 0, so the two-to-one map *P : C 8 — > C 11 (as it 
was denned in Section l3.2.7l but with n = 4) provides a holomorphic isomorphism 
between 0(Z) and its image Z = ^(OCX)); that is, 

R-.X^Z 

R(X\,X2,Xj,,X4) 



7 9 

{(\+i)x\,X2+ix$, X3-HX2, (l+z)x 4 , z'x,, /X2X3, /X2X3, /X2X3, ixZ, X1X2-X1X3, X1X3-X1X2, 0) 
is a holomorphic isomorphism. 

Using MAGMA, we may see that Z is the smooth curve of genus 5 given by the 
following equations, already denned over Q as desired, 



t n =0, t 9 + t w = 0, t 6 - ft = ts + h - 1 = 0, 



t 2 t 2 

'8 10 



- 2f 8 =0, fcj - It-, - 2 
+ t, 



0, t 2 -2t 7 + 2 = 0, 



- 2f s f? n - 2fo - i/f n + & + 1 = 0, 



10 
+ ht 2 w + 2t % - 

tih -t-,-tl + 2f 8 + 



ft^ 



4 10 f io 

4-2 = 0, 

U 2 -1 

2*10 



0, 



ti + 2t% - 2 = 0, 



?2?7 + ft - ?3?8 + ft = 0, 

? 2 ft - 2? 8 + 2 = 0, 

h - l/2ft?io - 2"ft f 10 = 0, 

f 2 fj - 2? 3 ?7 + 2hh + t 3 t 2 = 0, 

t 2 h - ft - ftft + ft = 0. 



Remark 11. Let us observe (as it can be seen form the form of R or the above 
equations) that we may eliminate some of the coordinates in the above. We have, 
for k = 2, 3,4, the following equality 



ft+jt 



-tfts + htktk+7 - t k+1 



tj - 4f 5 
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So, after some elimination process, we may see that the only variables we need 

to use are w\ = t\, W2 = ?2, W3 = ?3 and W4 = U, so 

C 4 + w 2 2 -wj = \ 
Z = Y = I w\ + w 2 w 3 =0 1 c C 4 . 
( w\ + w\ - 2 = J 

The curve X admits the group (A\, A2, A3, A4) = Z 4 as subgroup of conformal 
automorphisms, where 

A\(xi,X2,X3,X4) - (— Xl,X2,X3,X4) 

A2(Xi,X2,X3,X4) = (-Xi,-X 2 ,X3,X 4 ) 

A$(xi,X2, X$,X4) - {X\,X2, -Xj,X4) 

Aa(Xi,X2,X3,X4) = (Xi,X2,X3,-X4) 

We see that all of them are defined over Q. The above automorphisms corre- 
spond to the following automorphisms in the model Y: 

A\(W\, M>2, W3, W4) = (-Wl, W2, W3, W4) 
A2(W\, W2, W3, W4) = (Wi,/W3, -i\V2, Wa) 
A3(Wi,W 2 ,W3,W4) = (W1,-/W3,/W 2 ,W 4 ) 

A4(Wi,W2,W3,W4) = (Wi,W2,W3,-W4) 

which are defined over Q(i). 
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